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Abstract—Dual-arm robotic systems have great advantages
over the single-arm robotic system, for the arms can either
run independently or cooperate to finish the task. In this paper,
minimum Kkinetic energy (MKE) is concerned as a performance
index for the planning and control of a dual-arm robotic
system. First, two subschemes are formulated on the left arm
and right arm of the robot, which are constructed on velocity
level with consideration of manipulators’ physical constraints.
Then, the two subschemes are unified into one scheme, which is
finally transformed into a quadratic program (QP) problem. For
solving the formulated QP problem, a recurrent neural network
(RNN) is devised based on the Lagrange multiplier method. At
last, the simulations and simulative experiments on a dual-arm
redundant robotic system named Baxter are carried out. The
simulation results reveal that the devised RNN model has a good
performance for solving the presented MKE scheme applying to
the dual-arm robotic system.

Index Terms—minimum Kkinetic energy (MKE), dual-arm
robotic system, quadratic program (QP), Lagrange multiplier
method, recurrent neural network (RNN).

I. INTRODUCTION

With the development of the manufacturing industry field,
the automation field, the computer science field [1]-[3], etc.,
manipulators are playing an increasingly critical role in human
life and have been applied in industrial, military, and medical
areas. Besides, manipulators can liberate humans from doing
dirty, dangerous, and dull jobs or executing the high accuracy
required tasks that humans are not up to, such as welding,
casting, and so on [4], [5]. The redundant manipulator is
a special case of manipulators, which has more degrees of
freedom (DOFs) beyond the task required. The extra DOFs
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give the manipulator more choices for executing a given
task, thereby satisfying the secondary task such as obstacle
avoidance, minimization of energy consumption during the
task execution. There always exist infinite solutions for taking
the motion control of the redundant manipulator from the
joint level due to the manipulator’s redundancy. Sometimes
the optimal solution can be found with the consideration
of equality constraints or inequality constraints. However,
the mapping from joint space to Cartesian space is usually
nonlinear, and the problem is difficult to be solved directly
with the desired accuracy. Thus, a better way is investigating
the problem on the velocity or acceleration level, and the
problem is transformed into a linear problem, because the
mapping from joint space to Cartesian space is presented as
an affine system [6].

In addition, the performance index is playing a significant
role in quadratic program (QP) based manipulator control
scheme, because different performance indexes reflect the
characteristics of the manipulator in different scenarios, which
determine the application potential of redundant manipula-
tors in industry fields [7]. Therefore, setting up an efficient
performance index for redundant manipulator planning and
control is an important issue. Minimum kinetic energy (MKE)
is a popular performance index and has been widely used by
researchers for high-accuracy control and planning of the ma-
nipulator [8]. Compared with minimum velocity norm (MVN),
the MKE performance index is more rational in terms of
kinetic-energy consumption, because it takes the minimizing
of the weighted sum of joint velocities as the objective function
and can be considered as the local counterpart of the global
kinetic energy minimization scheme [9], [10]. In this sense, the
MKE performance index is better than the MVN performance
index in the control and planning of manipulators.

Intelligent computing technology figures out many challeng-
ing problems with the increase of calculation power [11]-[14].
For example, Luo et. al exploit the gradient descent methods
on recommender systems and achieve great progress [15]-
[17]. Besides, the research results are also utilized in industrial



fields [18]-[22]. As a powerful tool in intelligent computing
fields, the neural network has attracted bunches of researchers’
attention for its superior ability in dealing with massive
and complicated calculations [23]-[25]. Many developers and
researchers devote themselves to improve the usage of neural
networks. For example, a noise-suppressing recurrent neural
network model is constructed in [26], which has an extensive
prospect in the fields of robotics and acoustics. In [27], a
reformative noise-immune neural network is presented, with
excellent robustness and efficiency on image target detection.
Zhang et. al achieve great progress by applying the neural
networks on distributed robotic systems control [28], [29]. Be-
sides, a powerful deep learning framework named MindSpore
is becoming increasingly popular, for it greatly improves the
efficiency of using intelligent computing technology [30]. The
neural network has an excellent data processing performance
compared to conventional computing methods, especially on
real-time task [31], [32]. Solving the QP based scheme of
the redundant manipulator planning and control via the neural
network is a promising research direction. In [33], a dual
neural network is devised to address the redundancy resolution
problem of the manipulator, which does not require prior
knowledge of the manipulator. As a special case of neural
networks, the recurrent neural network (RNN) has been widely
exploited and investigated by researchers. For example, Xu
et. al present a novel motion-force control problem with
consideration of joint constraints, and the problem is finally
transformed to a QP problem and solved by an elaborately
devised neural network [34]. Li et. al present a novel RNN for
solving redundancy resolution of manipulators in the presence
of polynomial noises [35].

Investigations on the dual-arm robotic system have become
increasingly prevalent in recent years for their significant
advantages over single-arm robots. The dual-arm means the
system has two independent manipulators that can either run
the task independently or cooperate to finish more complex
tasks [36]. In [37], a dual-arm robotic system is built in a
coordinated manner, and the affiliated manipulator will follow
the main manipulator when the main manipulator executes
the task. Besides, the constraints between the robot and the
objective are maintained.

This paper considers the MKE as the performance index
of planning and control of the redundant manipulator. More
specifically, the MKE scheme on the dual-arm, i.e., the left arm
and the right arm, is formulated respectively. Afterward, the
two subschemes are unified into a single scheme, which can
be considered as a QP problem. For solving the QP problem,
an RNN aided with the Lagrange multiplier method is devised.
Finally, the simulations and simulative experiments are carried
out on the Baxter robot with two identical 7-DOF redundant
manipulators. The simulation results reveal the correctness and
accuracy of the solution for the unified scheme and depict
the states of two manipulators at different time instants when
performing the task. Before ending this part, the contributions
of this paper can be summarized as below:

o This paper focuses on investigating the MKE perfor-

mance index of redundant manipulator control on joint
velocity level, and the definition of the inertia matrix in
the MKE scheme is first and clearly given and explained.

o For the first time, the MKE scheme is investigated and

applied on the dual-arm robotic system, and the schemes

on the left arm and right arm are unified into one scheme,
thereby extending the research fields to the dual-arm
robotic system.

For solving the formulated problem, an RNN aided with

the Lagrange multiplier method is devised, and physical

constraints are taken into consideration for protecting the
manipulator.

o The simulation results on Baxter robot for tracking prede-
fined trajectory verify the correctness and accuracy of the
MKE scheme, and the simulative results on CoppeliaSim
robotic visualization system vividly validate the scheme
in a further step.

II. PRELIMINARIES, SCHEME CONSTRUCTION AND
SOLUTIONS

In the section, first, we revisit the forward kinematic prob-
lem and the definition of MKE performance index. Then, the
MKE scheme is applied on the left arm and right arm of
the dual-arm robotic system considering physical constraints.
Subsequently, the two schemes are unified into one scheme,
which is a QP problem. Finally, for solving the QP problem,
an RNN based on the Lagrange multiplier method is devised,
and the corresponding analytical solution is presented as well.

A. Revisiting forward kinematic problem

The forward kinematic problem is concerned with the
relationship between the position of each joint and the position
and orientation of the end-effector. Stated more formally, the
forward kinematic problem is to calculate the position and
orientation of the end-effector when the joint values of the
manipulator are given, which can be presented as the following
equation:

f() =p, (D

where 8 € R™ represents the joint angle in joint space, and
p € R"™ (m > n) represents the state of manipulator in
Cartesian space. The mapping function f from joint space
to Cartesian space is nonlinear, and the solution is usually
difficult to be found directly. To solve it numerically, we can
take the derivative to both sides of equation (1), and we get
the following equation:

J(6)8 = p, )

where J(0) = 0f(0)/00 € R™*™ is a time-varying Jacobian
matrix, which establishes a linear transformation between the
joint space and Cartesian space, thereby making the problem
more easily to be dealt with; 0 and p represent the real-time
velocity in joint space and Cartesian space, respectively.



B. Revisiting MKE performance index

MKE of the planning and control of the manipulator is
to minimize the weighted sum of squares of joint velocities,
which is a popular performance index used by the great
majority of investigators [9], [38], [39]. In this paper, the MKE
problem is investigated from the perspective of joint velocity
level with consideration of physical constraints. For laying a
foundation to further research, the MKE problem is presented
as

min 0TV6/2 (3a)
st.  pa=.JO (3b)
0€q, (3¢)

where V' € R™*™ is a positive-definite and symmetric
inertia matrix; pq is the desired end-effector trajectory of the
manipulator; ) denotes the set of feasible regions of joint
velocity, which is designed as 2 = {§ € R™, 3~ < 0 < 31}
in existing works [40], [41], with 3~ and 37 representing
the lower bound and upper bound of velocities in joint space,
respectively. The objective function (3a) is aiming to minimize
the kinetic energy consumption of the manipulator, which can
be considered as making the joint with the greater mass move
as little as possible; the equality constraint of (3b) guarantees
that the manipulator will move along the predefined trajectory
[42]; the inequality constraint (3c) guarantees that the joint
velocities of manipulator during the task are within the range
of physical constraints.

Revisiting that minimizing kinetic energy consumption of
the manipulator can be considered as minimizing the weighted
sum of squares of velocities on each joint, the weighted part
expressed in equation (3) is the inertia matrix V' € R™*™_ In
this paper, the inertia matrix V' is defined as a diagonal matrix,
and the first element on the diagonal represents the weight of
energy consumption to move the first joint, which is defined
as the sum of this joint and rest joints’ mass. The mass of
each joint can be found from Table I [43].

Remark 1: We discuss the MKE performance index and
display the corresponding objective function, in which the
physical constraints are considered, and the solution is inves-
tigated on the joint velocity level. Then, we give a detailed
and precise description of the definition of the inertia matrix
V used in this paper, which makes the MKE scheme more
comprehensible from a realistic point of view.

TABLE 1
D-H PARAMETERS OF THE BAXTER ROBOT.

link 0 d (m) a(m) « (rad) m (kg)
1 01 0.2703  0.069 —7/2  5.70044
2 02 0 0 w/2 3.22698
3 03  0.3644  0.069 —7/2 431272
4 04 0 0 /2 2.07206
5 05 0.3743 0.01 —7/2 2.24665
6 06 0 0 /2 1.60979
7 07  0.2295 0 0 0.54218

C. The scheme applying on a dual-arm robotic system

In this subsection, we apply the MKE scheme presented
in the last subsection on the dual-arm robotic system, and
the schemes on the left manipulator and right manipulator are
presented. Besides, the two subschemes are unified as one
scheme, which is finally transformed into a QP problem.

For the dual-arm robotic system, two manipulators can
execute the given task independently, which means that if the
two manipulators are given the task with the same period, the
task completion states of the two manipulators at any moment
are consistent and the two manipulators will finish the task
simultaneously. Given this situation, the planning and control
problems of the left manipulator and right manipulator can be
unified into one problem. The MKE scheme applied on the
left manipulator is presented as

min  6Vi6,/2 (4a)
S.t. pld = Jlél (4b)
91 e 0, (4¢)

of which 6, represents the joint velocity of left arm; 6; denotes
the joint angular value of left arm; p;y denotes the desired end-
effector velocity; the definitions of Jj, {2; are the same as those
discussed in equation (3). Likewise, the MKE scheme on right
arm of dual-arm robotic system is similar to the left arm:

min  07V.0,/2 (52)
st. Pa=Jb (5b)
ér S Qra (SC)

Note that the definitions of ér, Vi, P, Jr and € on right
arm MKE scheme are similar to those on the left arm. As
we previously discussed, the two manipulators of the dual-
arm robotic system will execute the given task simultaneously.
Therefore, the two schemes can be unified into one as below:

min 7 H7T/2 (6a)
S.t. wg =Wt (6b)
T €Q, (6¢)

where

_ 01 2m _ ‘/l 0 2mx2m
= o] e®m m= [0 D] ememen

Wy = I:)ld ERQn, W = Ji 0 ERQnXQm.
rd 0 J,-

Note that the dimension of the unified Jacobian matrix W
is 2n x 2m. In this paper, we consider the position of
the manipulator’s end-effector and ignore the orientation of
the end-effector, thus, the dimension of desired end-effector
velocity py for a single arm is 3 x 1, and the dimension of
corresponding Jacobian matrix is 3 x m. Hereto, the unification
of MKE scheme of dual-arm robotic system is finished.
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Fig. 1. The simulation results of the left manipulator on the Baxter robot. (a) Real trajectory and desired trajectory of the left manipulator. (b) Time history
of the end-effector errors on the left manipulator during the task. (c) Time history of the end-effector positions on the left manipulator during the task. (d)
The motion trajectories of the left manipulator. (e) Time history of the joint velocities of the left manipulator. (f) Time history of the joint angles of the left

manipulator.

D. The corresponding RNN

In this section, in order to find a solution to the unified QP
problem presented in the last subsection, a Lagrange function
is devised. Then, for finding the optimal solution of the
objective function, the partial derivative is taken with the aid
of the Lagrange multiplier, and the problem is transformed to a
nonlinear equation, which is hard to solve directly. According
to the work in [44], [45], an RNN is devised aided with
the Lagrange multiplier method. Finally, the resolutions are
conducted for the RNN.

Firstly, define a Lagrange function as below:
L=74"H7/2+ Awg — W), (7)
where A > 0 is the Lagrangian multiplier corresponding to

equation (6b). Taking the partial derivatives to 7 and A, we
can naturally conduct the following equations:

L
OL _ 3w = 0, (8a)
ot
oL .

Note that (8) is a nonlinear equation set that is difficult to get
the solution directly, so we need to devise a corresponding
RNN to find its numerical solution [35], [46]. According to

previous researchers’ work [6], [47], the RNN can be derived
from equation (8) as follows:

0F = —F + Po(+ — HT — W),
A =wyq — W,

(9a)
(9b)

where 0 < § < 1 is a coefficient for controlling the
convergence rate of RNN and usually is set to a teeny-tiny
value; Pq is the projection operator defined as Po(a) =
argmin, q,||b — a||, which imposes the physical limits to the
robotic system and || - || is the two-norm of a vector.

Remark 2: Through the above derivations, the RNN for the
MKE scheme on the dual-arm robotic system is successfully
constructed with physical constraints, and the corresponding
solution is shown as well. It is worth mentioning that the value
of 4 influences the convergence rate of the RNN, and further
affects the control effect of the robotic system.

III. SIMULATIONS

In this section, we use a dual-arm robotic system named
Baxter for the simulation, which has two identical redun-
dant manipulators with 7 DOFs, and the corresponding D-
H parameters are shown in Table I. In the simulation, two
manipulators are given path tracking tasks and move along
the predefined trajectories. The left manipulator will follow a
circular path, while the right manipulator will track a tricuspid
valve path. The duration of the task 7" is set to 10 seconds,
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Fig. 2. The simulation results of the right manipulator on the Baxter robot. (a) Real trajectory and desired trajectory of the right manipulator. (b) Time history
of the end-effector errors on the right manipulator during the task. (c) Time history of the end-effector positions on the right manipulator during the task. (d)
The motion trajectories of the right manipulator. (e) Time history of the joint velocities of the right manipulator. (f) Time history of the joint angles of the

right manipulator.

and the convergence rate § of the RNN is set to 1073 for an
excellent simulation result. Besides, the movements of the two
manipulators are visualized in the robot visualization system
CoppeliaSim.

A. Left arm path-tracking example

In the left arm tracking example, the redundant manipulator
is given a circle trajectory to track, and the radius of the trajec-
tory is set to 0.08 m; the initial state of the manipulator is set
to [0, —0.5,—0.5,2,—2,0.1,0.1]T rad. The simulation results
of the left arm are displayed in Fig. 1. The real trajectory
and desired trajectory of the manipulator are depicted in Fig.
1(a), from which we can see the real path and desired path
coincide well. Figure 1(b) shows the time history of the end-
effector position errors, keeping the order of 10~* m. Figure
1(c) displays the time history of the end-effector positions,
and we can find that the fluctuations are very smooth. Figure
1(d) displays the trajectories of manipulator’s joints. Figure
1(e) shows the time history of joint velocities, and we can see
that the joint velocities are varying within a small range and
satisfy the physical constraints of the manipulator. Figure 1(f)
shows the time history of joint angles during the task.

B. Right arm path-tracking example

In the right arm path tracking example, the redundant
manipulator is given a three-valves path tracking task, and the
radius of the trajectory is set to 0.05 m; the initial state of the

manipulator is the same as the left manipulator. The simulation
results are displayed in Fig. 2. The real trajectory and the
desired trajectory of the manipulator are shown in Fig. 2(a),
from which we can find that the real trajectory is consistent
well with the desired trajectory. Figure 2(b) shows the time
history of the end-effector position errors, which fluctuate at
the order of 10~# m. Figure 2(c) shows the time history of
the end-effector positions; Fig. 2(d) displays the trajectories
of the manipulator’s joints, from which we can see that the
joints move smoothly and do not reach the singular states.
Figure 2(e) presents the time history of the manipulator’s
joint velocities, and the joint velocities fluctuate in a small
range within the physical constraints. Figure 2(f) depicts the
time history of joint positions, and we can see that the joint
positions fluctuate very smoothly.

C. CoppeliaSim simulative results

Figure 3 depicts snapshots of simulative results in the
CoppeliaSim robot visualization system when the Baxter robot
is executing the given task. The initial state of the Baxter
robot in the visualization system is the same as the state in
simulation results, and the data source of the visualization
system is generated by simulation in MATLAB. Therefore,
this part can be seen as a supplement to simulation results. The
six subfigures depict the robot state at different time instants
during the task. From Fig. 3, we can see that the left redundant
manipulator and the right redundant manipulator of the Baxter



Fig. 3. The snapshots of the simulative results on Baxter robot in CoppeliaSim visualization system for the left arm and right arm executing two trajectories

tracking path, respectively.

robot start executing their tasks simultaneously and finish the
task at the same time. From figures drawn by the left and
right manipulators, we can observe that the task is perfectly
executed, which verifies the efficiency and accuracy of the
solution for the MKE scheme on the dual-arm robotic system
in a further step.

IV. CONCLUSION

In this paper, the MKE performance index has been investi-
gated on the dual-arm robotic system. First, the schemes of the
left manipulator and right manipulator have been investigated,
respectively. Then, the two schemes have been unified into one
scheme and transformed into a QP problem. For solving the
problem, an RNN has been devised aided with the Lagrange
multiplier method. Finally, to verify the correctness of the
solution for the unified QP problem, computer simulations
and simulative experiments on a dual-arm robotic system
named Baxter have been carried out. The simulative results
demonstrate that the MKE scheme on dual-arm robotic sys-
tems has been successfully figured out. It is worth mentioning
that the formulated scheme can be extended to multi-arm
robotic systems, not just limited to dual-arm robotic systems.
Momentously, the MKE scheme is first extended to dual/multi-
arm robotic systems in this work, which can be considered as
a meaningful innovation in the redundant manipulator field.
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