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Abstract—In this article, a simultaneous learning and
control scheme built on the joint velocity level with phys-
ical constraints on the decision variable and its deriva-
tive, i.e., joint angle, joint velocity, and joint acceleration
constraints, is proposed for the redundant manipulator
control. The scheme works when the structure parameters
involved in the forward kinematics are unknown or implicit.
The learning and control parts are incorporated simulta-
neously in the scheme, which is finally formulated as a
quadratic programming problem solved by a devised recur-
rent neural network (RNN). The convergences of learning
and control abilities of the RNN are proved theoretically.
Simulations and physical experiments on a 7-degrees of
freedom (DOFs) redundant manipulator show that, aided
with the proposed scheme and the related RNN solver, a
redundant manipulator with unknown structure parameters
can perform a given inverse kinematics task with high accu-
racy while satisfying physical constraints on the decision
variable and its derivative.
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I. INTRODUCTION

A S AN important type of robot, manipulators play a piv-
otal role in all walks of life, on which the research is

booming [1]–[3]. Redundant manipulators are a special type of
manipulators that have more degrees of freedom (DOFs) than
the task required. These extra DOFs provide infinite solutions
to the primary task and can be utilized to achieve secondary
tasks, such as obstacle avoidance [4], joint limit avoidance [5],
torque constraints [6], etc. Incorporating a performance index
into redundant manipulator control has been a research hotspot
in recent years because different performance indices reflect
the requirements of a manipulator in different scenarios. A
scheme is built on acceleration level for redundant manipulators
in [7], which takes repetitive motion as the performance index,
solving the joint drift problem existing in redundant manipulator
control successfully. In [8], the manipulability optimization is
chosen as a performance index in the cooperative control of
distributed robotic systems, which can effectively handle the
singularity phenomenon in the cooperative control of redundant
manipulators.

Physical constraints consideration is an inevitable topic in
robot control that has great practical significance. Although
many commercial manipulators have protective measures on
joints to avoid causing damage to motors or sensors, these
measures sometimes are too broad for those operating in narrow
spaces, which need stricter constraints. Therefore, it is necessary
to make constraints on joint angles considering the limitations
of operating space. In addition, excessive joint angle velocities
may cause damage to the motors of manipulators. Physical con-
straints on acceleration level are also crucial because excessive
joint accelerations may lead to discontinuous joint velocities,
thus interrupting the task execution. There are many related
works concerning about physical constraints of redundant ma-
nipulators. For instance, a control method is devised for redun-
dant robot [9], which achieves joint limit avoidance and smooth
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trajectories. It can be applied to online sensor-based trajectory
tracking tasks or act as a null-space velocity with planned task
trajectories. In [10], an acceleration-level scheme is presented to
solve the joint drift problem existing in manipulator control. In
addition, the joint acceleration constraint is incorporated as an
inequality constraint. Some related works take into account the
joint acceleration constraint [11], [12] but are all built on joint
acceleration level. However, the acceleration-level redundancy
resolution requires more computations than the velocity-level
resolution, which is unsuitable for many real-time redundant
manipulator control scenarios. Therefore, it is a practical and
challenging problem to control a manipulator from the velocity
level while considering the joint acceleration constraint. To this
end, Zhang et al. [13] presented a velocity-level redundancy res-
olution for manipulators subject to joint acceleration limits An
extra parameter is computed and applied to the neural network
controller with only one extra computational step.

The work discussed earlier mainly focuses on the kinemat-
ics of a manipulator, which requires structure parameters, i.e.,
Denavit–Hartenberg (D-H) parameters, to deduce the corre-
sponding Jacobian matrix if a scheme is built on velocity or
acceleration level. In many realistic scenarios, the structure
parameters of a manipulator may be inaccurate due to abrasion
of the mechanical structure by long-term high-intensity use,
which may cause failures in achieving the desired accuracy. The
actual structure information of a redundant manipulator possibly
deviates from factory settings with D-H parameters deviating.
Besides, the structure information is perhaps indeterminate and
alterable for a homemade manipulator utilized for hardware
development. There are some methods to deal with this issue,
such as the kinematics calibration, which is of great significance
for improving the manipulator’s accuracy and can be divided into
two types, i.e., 1) model-based; and 2) nonparametric kinematics
calibration. Chen et al. [14] introduced several kinematics cali-
bration methods and discuss their advantages and disadvantages.
In addition, exploiting a data-driven technology based on a
gradient descent method to address this problem is also an
effective way that has made outstanding achievements in recent
years. In [15], a model-free dual neural network is devised,
which unifies the learning and control parts simultaneously
to find a redundancy resolution of the manipulator. Xie et al.
[16] extended data-driven approaches to redundant manipulators
with unknown structure parameters to perform a cyclic-motion
generation task, and the task is successfully fulfilled with tiny
tracking errors.

Inspired by the discussions earlier, this article proposes a new
simultaneous learning and control scheme for redundant manip-
ulators. The scheme is built on the velocity level considering
not only the joint angle and velocity constraints, but also the
joint acceleration constraint and is suitable for manipulators with
unknown structure parameters. In addition, the repetitive motion
planning (RMP) performance index is constructed as the objec-
tive function. The physical constraints at the joint angle and joint
velocity level are unified as one inequality constraint. Besides,
a parameter is designed to guarantee that the joint acceleration
will not exceed the predefined threshold. Finally, the scheme is
formulated as a quadratic programming (QP) problem solved by

a recurrent neural network (RNN). The research route map of
this article is briefly presented in Fig. 1. The main contributions
in this article can be summarized as follows:

1) For the first time, a simultaneous learning and control
scheme is built on the velocity level but has acceleration-
level constraints, without structure parameters of the ma-
nipulator required.

2) The scheme is reformulated as a QP problem and an RNN
is devised to solve the problem, which simultaneously
unifies the learning and control parts.

3) Theoretical analysis substantiates the stability and con-
vergence of the proposed RNN. In addition, computer
simulations and physical experiment are presented to ver-
ify the correctness and efficiency of the proposed scheme.

The rest of this article is organized as follows. In Section II,
the preliminary knowledge of the scheme is introduced, and the
scheme is presented as a QP problem. In Section III, an RNN
is devised for the scheme. Section IV presents the theoretical
analysis of the RNN. Then, computer simulations, the physical
experiment, and comparisons are shown in Section V. Finally,
Section VI concludes this article.

II. PRELIMINARIES AND SCHEME FORMULATION

In this section, the preliminary knowledge of the scheme is
presented. Then, the scheme is formulated as a QP problem.

A. Preliminaries

The forward kinematics plays a basic role in the manipulator
control, which is determined by a manipulator’s structure pa-
rameters, i.e., D-H parameters, describing a nonlinear mapping
from joint space to Cartesian space [17]. The basic mapping from
base coordinate to Cartesian coordinate is usually described as
a nonlinear function f(·) from joint angle θ(t) ∈ Ra to end-
effector position p(t) ∈ Rb. In the following part, the argument
t is omitted somewhere for description convenience. A more
common way to handle the forward kinematics is to turn the
mapping into a velocity level as

Jθ̇ = ṗ (1)

where J = ∂f/∂θ ∈ Rb×a is the so-called Jacobian matrix,
representing the structure parameters of the manipulator on the
velocity level; θ̇ ∈ Ra represents the velocity in joint space;
ṗ ∈ Rb represents the end-effector velocity in Cartesian space.
Generally, for a trajectory tracking task of the redundant ma-
nipulator, the manipulator’s end-effector position and velocity
should conform to the desired trajectory and velocity, that is,
pr → pd and ṗr → ṗd, where the subscripts “r” and “d” rep-
resent the actual and desired values, respectively. To fulfill the
requirements, it can be designed as

Jθ̇ + κ(pr − pd) = ṗd (2)

whereκ(pr − pd) is a position error feedback item [18];κ > 0 is
the corresponding coefficient. When the manipulator executing
a closed trajectory tracking task, the joints may not return to
their initial states, which is called the joint angle drift phe-
nomenon [10]. To minimize the position error between the initial
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Fig. 1. Research route map of this article.

and final states, the RMP performance index can be devised as

θ̇
T
θ̇/2 + γTθ̇ where γ = d(θ − θ0); θ0 represents the initial

state of the manipulator, and d > 0 is used to scale the magnitude
of the manipulator response to the joint displacement [19].

Recall that the manipulator control requires structure param-
eters. However, there always exists inevitable abrasion due to
high-intensity usage in many industrial scenarios. Acquiring the
precise value of robot structure parameters for high-accuracy
control is becoming a significant problem in the robotic field.
Hence, this article takes the problem into account to control
manipulators with an unknown structure, and the forward kine-
matics on the velocity level is designed as

Ĵ θ̇ = ˆ̇pr (3)

where Ĵ represents the estimated value of the real-time Jacobian
matrix and ˆ̇pr represents the calculated end-effector velocity. If
Ĵ is infinitely close toJ , ˆ̇pr is approximately equivalent to actual
end-effector velocity ṗr. For a highly accurate Jacobian matrix
estimation, an error function is designed as ψ = ||ˆ̇pr − ṗr||22/2.
Then, by utilizing the gradient descent method, the following
equation is derived [15], [20], [21]:

Ĵ
k+1

= Ĵ
k − ξ∇ψ(Ĵk

) (4)

where ξ represents the step size of the gradient descent method
and k represents the iteration index. Furthermore, a continuous-
time adaptation law is conducted from (4) as

˙̂
J =

Ĵ
k+1 − Ĵk

τ
=

−ξ∇ψ(Ĵk
)

τ
= − ξ

τ
(ˆ̇pr − ṗr)θ̇

T
(5)

where ˙̂
J represents the derivative of Ĵ with respect to time;

τ > 0 is tiny enough. The continuous-time learning law is finally
derived as

ρ
˙̂
J = (ṗr − Ĵ θ̇)θ̇

T
(6)

where ρ = τ/ξ � 1 represents the step size of each iteration. It
can be observed from (5) that the current Ĵ is calculated from
the measured end-effector velocity ṗr, Ĵ in last time instant, and
joint velocity θ̇. It is worth noting that a smaller step size ρ leads
to a more accurate Ĵ .

Remark 1: It is worth pointing out that we focus on the
position control of the manipulator with the learning law on the
Jacobian matrix that can be divided into position and orientation
parts. Besides, the problem of the learning part can be regarded
as a convex problem where the local minimum is identical to the
global minimum. Therefore, the local minimum issue will not
be encounter in this method.

Due to the inherent properties of the manipulator and the con-
sideration of the practical application, the physical constraints
issue of the manipulator is inevitable during the control. The
joint physical constraints in terms of the angle, velocity, and
acceleration are presented as

θ− ≤ θ ≤ θ+

θ̇
− ≤ θ̇ ≤ θ̇+

θ̈
− ≤ θ̈ ≤ θ̈+ (7)

where the superscripts + and − denote the upper and lower
bounds of the manipulator’s feasible regions, respectively; θ̈
denotes the joint acceleration of the manipulator.

B. Scheme Formulation

In this section, a QP-based scheme is devised and formulated
to address the two existing issues (unknown structure param-
eters and physical constraints on the decision variable and its
derivative) in redundant manipulator control. In the scheme, the
RMP performance index is chosen as the objective function
for repetitive trajectory tracking tasks, while the manipula-
tor’s structure parameters are assumed as unknown. Besides,
physical constraints on the joint angle, joint velocity, and joint
acceleration level are considered simultaneously. The scheme is
presented as

min
1

2
θ̇

T
θ̇ + γTθ̇ (8a)

s.t. ṗd = Ĵ θ̇ + κ(pr − pd) (8b)

θ− ≤ θ ≤ θ+ (8c)

Authorized licensed use limited to: Lanzhou University. Downloaded on May 21,2022 at 16:58:22 UTC from IEEE Xplore.  Restrictions apply. 



10304 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 69, NO. 10, OCTOBER 2022

θ̇
− ≤ θ̇ ≤ θ̇+ (8d)

θ̈
− ≤ θ̈ ≤ θ̈+. (8e)

It is a challenging problem to find a redundancy resolution of (8)
due to the different level physical constraints (8c) and (8e), which
are not directly relevant to the control variable θ̇. According
to [22], the joint constraints (8c) and (8d) can be transformed
into a velocity-level constraint as

ζ−(t) ≤ θ̇(t) ≤ ζ+(t) (9)

where ζ−(t) = max{θ̇−, α(θ− − θ(t))} and ζ+(t) = min{θ̇+,
α(θ+ − θ(t))}, with α > 0 to scale the feasible region of
θ̇. For the notation presentation convenience, let Λ = {θ̇ ∈
Ra|ζ−(t) ≤ θ̇ ≤ ζ+(t)}. Then, (9) is rewritten as

θ̇(t) ∈ Λ. (10)

As for the joint acceleration constraint (8e), we exploit the
infinite-norm to guarantee that the joint accelerations of ma-
nipulators are within the range, which is presented as

||θ̈||∞ ≤ cmax (11)

where cmax denotes the minimum absolute value of all elements
in θ̈

+
and θ̈

−
; || · ||∞ denotes the infinity norm of a vector. Based

on the derivation of the abovementioned formulas (8)–(11), the
scheme is finally formulated as

min
1

2
θ̇

T
θ̇ + γTθ̇ (12a)

s.t. ṗd = Ĵ θ̇ + κ(pr − pd) (12b)

θ̇(t) ∈ Λ (12c)

||θ̈||∞ ≤ cmax. (12d)

Hereto, the formulation of the scheme is finished.
Remark 2: In scheme (12), the RMP performance index is

chosen as the objective function for repetitive motion. Equation
(12b) guarantees that the manipulator moves along the prede-
fined trajectory. The joint angle and joint velocity constraints are
unified into one level. Besides, the joint acceleration constraint
is transformed into an inequality constraint. It should be noted
that scheme (12) is not a regular QP problem for (12d) built on
acceleration level, whereas the decision variable on the velocity
level.

III. RNN SOLVER

In this section, an RNN based on the Lagrange methods
and the Karush–Kuhn–Tucker (KKT) condition is presented for
finding the redundancy resolution of the scheme (12). The design
of the RNN is divided into two parts. First, we assume that
the Jacobian matrix J of the redundant manipulator is known.
Then, a neural network controller is devised for the scheme. In
the second part, the derivation formula for the Jacobian matrix
is incorporated into the devised scheme. Besides, an intentional
noise signal is added to the neural network to activate the control
system.

The Lagrange function according to (12) is defined as L =

θ̇
T
θ̇/2 + γTθ̇ + λT(ṗd − Jθ̇ − κ(pr − pd)), where λ ∈ Rb is

the Lagrange multiplier of (12b). To obtain the optimal solution
of (12), first, we take the partial derivatives to θ̇ and λ, respec-
tively, and the following equation set should be satisfied:

∂L

∂θ̇
= θ̇ + γ − JTλ = 0 (13a)

∂L

∂λ
= ṗd − Jθ̇ − κ(pr − pd) = 0. (13b)

Besides, in the light of the KKT conditions [23] and the definition
of projection operator [24], constraint (12c) is applied on θ̇ as
the following format based on (13a):

θ̇ = PΛ

(
θ̇ − ∂L

∂θ̇

)
= PΛ(−γ + JTλ) (14)

where PΛ(x) represents the projection of y in set Λ satisfying
the following equation:

PΛ(x) = argminy∈Λ||x− y||2. (15)

Then, according to the existing RNN scheme [25], the controller
for the scheme is devised as

θ̈ = δ(−θ̇ + PΛ(−γ + JTλ)) (16a)

λ̇ = δ(ṗd − Jθ̇ − κ(pr − pd)) (16b)

where δ > 0 ∈ R is a parameter that takes control of the neural
network’s convergence rate. In the control process, the control
signal, i.e., θ̇ is yielded by the neural dynamic θ̈ from each
iteration of the RNN.

In scheme (12), we define a bound cmax for the infinite norm
of the joint acceleration of the manipulator. The constraint (12e)
can be transformed according to the devised neural network
controller

||δ(−θ̇ + PΛ(−γ + JTλ))||∞ ≤ cmax. (17)

In order to incorporate (17) into the controller, a parameter
η > 0 ∈ R is defined to scale the joint acceleration, which is
presented as

η =
||δ(−θ̇ + PΛ(−γ + JTλ))||∞

||Pη(δ(−θ̇ + PΛ(−γ + JTλ)))||∞
(18)

where Ω = {x | ||x||∞ < cmax}; Pη(·) denotes a projection op-
eration into Ω and makes the max absolute value of the element
in x less than cmax. Finally, the neural network controller with
joint acceleration constraint is presented as follows:

η =
||δ(−θ̇ + PΛ(−γ + JTλ))||∞

||Pη(δ(−θ̇ + PΛ(−γ + JTλ)))||∞
(19a)

θ̈ =
δ

η
(−θ̇ + PΛ(−γ + JTλ)) (19b)

λ̇ =
δ

η
(ṗd − Jθ̇ − κ(pr − pd)). (19c)

Compared with RNN (16), only one extra computational
procedure is added to the neural network controller (19), which
means that the computational complexity is not much increased.
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Fig. 2. Computer simulations on employing scheme (12) to track a nephroid trajectory. (a) Desired trajectory and the end-effector’s trajectory.
(b) Time history of joint angles. (c) Time history of joint velocities. (d) Time history of joint accelerations. (e) Time history of position errors. (f) Time
history of the infinity norm of joint accelerations with bound cmax = 1rad/s2. (g) Time history of the real Jacobian matrix. (h) Time history of the
estimated Jacobian matrix. (i) Time history of the Jacobian matrix error.

When the structure parameters of the redundant manipulator
are unknown, revisit that the aforementioned derivation (1) of the
Jacobian matrix requires the manipulator’s structure parameters.
To extend the scheme to the manipulator whose structure param-
eters are unknown, the Jacobian matrix in the controller (19) is
replaced by the estimated one in (3). Besides, an intentionally
devised noise is applied to drive the control system and increase
the diversity of signals [15]

η =
||δ(−θ̇ + PΛ(−γ + Ĵ

T
λ))||∞

||Pη(δ(−θ̇ + PΛ(−γ + Ĵ
T
λ)))||∞

(20a)

θ̈ =
δ

η
(−θ̇ + PΛ(−γ + Ĵ

T
λ)) (20b)

λ̇ =
δ

η
(ṗd − Ĵ θ̇ − κ(pr − pd)) (20c)

¯̇
θ = θ̇ − n, with ||n|| ≤ n0 (20d)

ρ
˙̂
J = (ṗr − Ĵ ¯̇θ)¯̇θT (20e)

where n0 > 0 and σ are the bound and derivation of the inde-
pendent identically distributed noise n, respectively.

Remark 3: The devised neural network (20) has two special
features compared with most of the existing controllers of redun-
dant manipulators: velocity-level resolution with acceleration-
level physical constraint and no structure parameters of the ma-
nipulator. An extra computational procedure (20a) is introduced
to keep the value of acceleration within a Certain range. In
addition, there are no structure parameters involved in the con-
trol. The learning and control steps are unified simultaneously
in the control loop. It is worth mentioning that n increases
the diversity of input signals, and it allows the algorithm to
explore neighborhoods around the saddle point [26]. Besides,
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convergence errors due to n can be ignored by setting a proper
value of n0 according to the system’s sensitivity.

IV. THEORETICAL ANALYSIS

In this section, the theoretical analysis is presented to verify
the feasibility of RNN (20). First, the learning convergence of
RNN (20) is presented. Then, the control convergence is proved
when the acceleration constraint is maintained.

Theorem 1: The estimation errorJ − Ĵ is convergent to zero
when adopting RNN (20) to control a redundant manipulator.

Proof: First, we define the estimation error J̄ = J − Ĵ ,
and then, a Lyapunov function is devised as V1 = ||J̄ ||2F =

tr(J̄
T
J̄)/2 where || · ||F represents the Frobenius norm of a

matrix, and tr(·) represents the trace of a matrix. Taking the
derivative of V1 yields the following equation:

V̇1 = tr( ˙̄JJ̄
T
)

= − tr
(
1/ρJ̄

T
(ṗ− Ĵ θ̇)θ̇T

)
= − tr

(
1/ρJ̄

T
(J − Ĵ)θ̇θ̇T

)
= − tr

(
1/ρJ̄

T
J̄(

¯̇
θ + n)(

¯̇
θ + n)T

)
= − tr

(
1/ρ(J̄(

¯̇
θ + n))TJ̄(

¯̇
θ + n)

)
= −1/ρ‖J̄(¯̇θ + n)‖2F (21)

where one can naturally derive that V̇1 ≤ 0 and V1 > 0.
Therefore, the largest invariant set is found through the LaSalle’s
invariant set principle [27]. When V̇1 = 0 holds, J̄(¯̇θ + n) = 0

is derived as t → ∞. We multiply (
¯̇
θ + n)TJ̄

T on the above-
mentioned equation and calculate the expected value as

E
(
¯̇
θ + n)TJ̄

T
J̄(

¯̇
θ + n)

)
= E

(
tr
(
J̄

T
J̄(

¯̇
θ + n)(

¯̇
θ + n)T

))
= tr

(
E
(
J̄

T
J̄
¯̇
θ
¯̇
θT

))
+ tr

(
E
(
J̄

T
J̄nnT

))
+ tr

(
E
(
J̄

T
J̄
¯̇
θnT

))
+ tr

(
E
(
J̄

T
J̄n

¯̇
θT

))
= tr

(
E
(
J̄

T
J̄
¯̇
θ
¯̇
θT

))
+ tr

(
E
(
J̄

T
J̄
)
E
(
nnT

))
+ tr

(
E
(
J̄

T
J̄
¯̇
θ
)
ET(n)

)
+ tr

(
E
(
¯̇
θTJ̄

T
J̄
)
E(n)

)
= tr

(
E
(
¯̇
θTJ̄

T
J̄
¯̇
θ
))

+ σ2 tr
(
E
(
J̄

T
J̄
))

= 0, as t → ∞, (22)

where E(·) represents the expected value of a matrix. Consid-

ering that tr(E(
¯̇
θTJ̄

T
J̄
¯̇
θ)) ≥ 0, we can draw the conclusion

that tr(E(J̄
T
J̄)) = E(tr(J̄

T
J̄)) = E(||J̄ ||2F) = 0, which fur-

ther implies J̄ = J − Ĵ = 0 as t → ∞. Here to, the estimation
error of the Jacobian matrix converging to zero during the

control process is successfully proved, which further indicates
the learning convergence of RNN (20). �

Lemma 1: For any convex set Λ ∈ Rp, according to [28],
there has

(m− PΛ(m))T (PΛ(m)− ω) ≥ 0 ∀m ∈ Rp ∀ω ∈ Λ.
(23)

The equality holds only if m ∈ Λ. Furthermore, there has

(m− PΛ(m))T (m− ω)
= (m− PΛ(m))T (m− PΛ(m) + PΛ(m)− ω)
= ‖(m− PΛ(m))‖22 + (m− PΛ(m))T (PΛ(m)− ω) ≥ 0.

(24)

Theorem 2: The neural dynamics u = [θ̇
T
,λT]T converges

globally to a steady state with joint acceleration constraint
satisfaction when applying RNN (20) on scheme (12).

Proof: We first prove that the joint acceleration is constrained
within the predefined bounds. Given that the convergence of
estimation error is proved in the previous part, J is used to rep-
resent the estimated Jacobian matrix in the following theoretical
analysis. Revisit that the definition of scaling parameter η is
presented as

η =

{
1, if δ(−θ̇ + PΛ(−γ + JTλ)) ∈ Ω
‖δ(−θ̇+PΛ(−γ+JTλ))‖∞

cmax
> 0, otherwise.

(25)

When the joint acceleration exceeds the predefined constraint,
based on (20) and (25), we have

∥∥∥θ̈∥∥∥
∞

=

∥∥∥∥ δη (−θ̇ + PΛ(−γ + JTλ))

∥∥∥∥
∞

=

∥∥∥∥∥cmaxδ(−θ̇ + PΛ(−γ + JTλ)

δ(−θ̇ + PΛ(−γ + JTλ)

∥∥∥∥∥
∞

= cmax

∥∥∥∥∥δ(−θ̇ + PΛ(−γ + JTλ)

δ(−θ̇ + PΛ(−γ + JTλ)

∥∥∥∥∥
∞

= cmax.

If the joint acceleration is within the predefined constraint, we
have η = 1, which further implies

∥∥∥θ̈∥∥∥
∞

=

∥∥∥∥ δη (−θ̇ + PΛ(−γ + JTλ))

∥∥∥∥
∞

=
∥∥∥δ(−θ̇ + PΛ(−γ + JTλ)

∥∥∥
∞

< cmax.

According to the discussion of the abovementioned two cases, it
is concluded that θ̈ ≤ cmax always holds, which means that the
joint acceleration constraint (17) is satisfied all the time. �

Then, the global convergence of RNN (20) is proved as
follows. For the convenience of analyzing, a new variable is

defined as u = [θ̇
T
,λT]T, and the corresponding neural control
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Fig. 3. Physical experiment platform.

law is rewritten as
η

δ
u̇ = −u+ PΛ̄(u− g(u)) (26)

where PΛ̄ = {(θ̇,λ), θ̇ ∈ Λ ⊂ Ra,λ ∈ Rb}, and g(·) is defined
as

g(u) = g(θ̇,λ) =

[
θ̇ + γ − JTλ

Jθ̇ + κ(pr − pd)− ṗd

]
. (27)

Calculate the gradient of g(u) as

∇g =
∂g(u)

∂u
=

[
I −J
JT 0

]
(28)

and

∇g +∇Tg =

[
I 0
0 0

]
. (29)

Equation (29) is a semipositive definite matrix. In addition,
according to the mean-value theorem: for any x, y, and z, when
z = νx+ (1− ν)y, (0 ≤ ν ≤ 1), there exists g(x)− g(y) =
∇g(z)(x− y). The following formula is derived from the above-
mentioned analysis:

(x− y)T(g(x)− g(y)) = (x− y)T∇g(z)(x− y) ≥ 0. (30)

It is natural to conduct from formula (30) that g(·) is a mono-
tone function, which is used in the following analysis. Define
a Lyapunov function V2 = ‖u− PΛ̄(u)‖22/2. It can be easily
conducted that V2 ≥ 0 and the equality holds when u ∈ Λ̄. The
time derivative of V2 is calculated as

V̇2 = (u− PΛ̄(u))
T u̇

= − (u− PΛ̄(u))
T (u− PΛ̄(u− g(u))) δ/η. (31)

According to Lemma 1 and the monotony of g(·), we can derive
that (u− PΛ̄(u))

T(u− PΛ̄(u− g(u))) ≥ 0, and the equality
holds only if u ∈ Λ̄. Combined with the abovementioned anal-
ysis, we can draw the conclusion that V̇2 ≤ 0 and the equality
holds when u ∈ Λ̄. Thus, u converges in Λ̄ with time according
to the LaSalle’s invariance principle. The proof is complete.

V. SIMULATIONS, PHYSICAL EXPERIMENT, AND

COMPARISONS

In this section, simulations, physical experiments, and com-
parisons are given to validate scheme (12). The simulations and
the physical experiment are conducted on a 7-DOF redundant
manipulator named Franka Emika Panda. The manipulator is
given trajectory tracking tasks under the premise that the struc-
ture of the manipulator is unknown. The D-H parameters of the
manipulator can be found in [30].

A. Simulations

In the simulation, the initial angular state of the
manipulator is set to θ0 = [0,−π/4, 0,−3π/4, 0, π/2, π/4]T

rad. The upper bound of the joint angle is set to
θ+=[2.8973, 1.7628, 2.8973, 0.0698, 2.8973, 3.7525, 2.8973]T

rad according to Franka control interface documentation [30],
and the lower bound of the joint angle is defined as
θ− = [−2.8973, −1.7628, −2.8973, −3.0718, −2.8973,
−0.0175,−2.8973]T rad. The scaling coefficient of RNN (20)
is set to δ = 1000. In order to verify the learning ability of the
proposed scheme (12), the D-H parameters of the manipulator
are assumed as unknown in the simulation, and the initial
value of the estimated Jacobian matrix Ĵ0 is generated by
the uniformly distributed random numbers in the range of
[0,1].To validate the performance of the scheme (12), the
manipulator is given a nephroid trajectory to track, and the
radius of the trajectory is set to 0.04 m. The execution time
of the trajectory is set to 8 s for one cycle, with the task
execution time being 20 s. To better validate the convergence
of the scheme (12), an initial position error pr0 − pd0 = 0.1 m
is defined between the end-effector’s initial position and the
desired trajectory. Assume that the joint velocity constraint

is set to θ̇
+
= −θ̇− = [0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5]T rad/s,

and the joint acceleration constraint of the manipulator is

set to θ̈
+
= −θ̈− = [1.2, 1.6, 1.4, 1.4, 1.5, 1.8, 1]Trad/s2; thus

cmax = 1rad/s2. The values of ξ and τ are set to 10−7 and 0.1,
respectively, which means ρ is set as 10−6, which obtains a
superior performance in calculating the estimated Jacobian
matrix Ĵ .

The simulation results are shown in Fig. 2. Fig. 2(a) depicts
the comparison of the desired trajectory and the end-effector’s
trajectory, from which it can be observed that the end-effector
quickly moves to the desired trajectory from the initial position,
after which the end-effector’s trajectory fits the desired trajectory
pretty well. Fig. 2(b) shows the time history of the joint angles
during the task execution, and it can be seen that the joint an-
gles fluctuate smoothly within predefined physical constraints.
Fig. 2(c) depicts the time history of the joint velocity, from which
we can find that, when the joint velocity, e.g., θ̇2 reaches the

bound of θ̇
+
= 0.5 rad/s, its value does not increase anymore.

Fig. 2(d) displays the time history of the joint accelerations.
As shown in the figure, the joint accelerations do not violate
the physical constraints when reaching the upper bound or the
lower bound. Fig. 2(e) depicts the coordinate values of the
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Fig. 4. Snapshots of the manipulator and the experiment results when performing the given task via scheme (12) aided with RNN (20). The
experiment video is available on https://youtu.be/dSnp8O2A_W4/.

Fig. 5. Physical experiment results on employing scheme (12) to track a four-ring like trajectory. (a) Time history of joint angles. (b) Time history
of joint velocities. (c) Time history of joint accelerations. (d) Time history of end-effector errors (pr − pd).

end-effector trajectory pr and the desired trajectory pd, which
is similar as Fig. 2(a), and the trajectory of the end-effector
quickly converges to the desired trajectory. Fig. 2(f) shows the
infinity norm of the joint accelerations, and it is bounded during
the task execution. It can be found that the infinity norm of the
joint accelerations reaches the bound many times but is well
constrained. Fig. 2(g) and (h) depict the time history of the real
Jacobian matrix and the estimated one, respectively, from which
we can find that the real Jacobian matrix and the desired one have
the same fluctuations, reflecting the superior learning ability of
the scheme (12). Fig. 2(i) depicts the time history of the Jacobian
matrix estimation error, and we can find that there exists a huge
error in the initial state because the initial values are random,
while it immediately converges to a small range (10-3), which
has a limited influence on the control performance and can be
ignored.

Fig. 2 exhibits a superior performance of the scheme (12),
which has good abilities on learning and control parts, simul-
taneously. In the following section, we will depict physical
experiment results to further validate the scheme (12).

B. Physical Experiment

To further validate the realistic application of the scheme (12),
the physical experiment is carried out on the Franka Emika Panda
manipulator. The manipulator is given a four-ring like trajectory
to track within 15 s. The values of ξ and τ are set to 10-7 and
0.1, respectively; cmax = 1.1rad/s2; the parameter of RNN (20)
is set to δ = 1000. The experiment platform is shown in Fig. 3.

Fig. 4 presents the states of the manipulator when tracking
the desired trajectory in different time instants. We can observe

that the end-effector’s trajectory is closed and smooth, which
means that the task is well performed. Fig. 5 depicts the time
history of the joint angles, joint velocities, and joint accelerations
during the experiment. Fig. 5(a) and (b) depict the time history
of joint angles and velocities of the manipulator, which fluctuate
smoothly and return to their initial states at the end of the task,
indicating that the RMP performance index is successfully ful-
filled. Fig. 5(c) depicts the time history of the joint accelerations
during the task. As shown in Fig. 5(c), the joint accelerations are
well constrained when reaching the bound. Fig. 5(d) depicts the
end-effector error between the actual position and the desired
position, and it can be seen that the error fluctuates within a
small range (10−3 m).

C. Comparisons

To further prove the novelty of the proposed scheme, in
this section, the proposed scheme (12) is compared with robot
schemes in [9], [11]–[13], [15], [16], [29], [31], [32] from
five perspectives, i.e., the driven signal of the controller, joint
constraints, decision variable and derivative level constraints
(DVDLC), physical experiment verification, and unknown pa-
rameters. The comparison results are shown in Table I. As shown
in the table, schemes in [13], [31], and scheme (12) are all built
on the velocity level with multilevel physical constraints consid-
ered, but only (12) can work when the structure parameters of the
manipulator are unknown, and only scheme (12) is verified by
the physical experiment. Schemes in [15], [32] can be applied
when the model parameters of the manipulator are unknown,
but the acceleration constraints are not fulfilled. The comparison
results verify the novelty and superiority of the scheme (12).
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TABLE I
COMPARISONS AMONG DIFFERENT CONTROLLERS FOR REDUNDANCY RESOLUTION OF MANIPULATORS

*"DVDLC" means whether the scheme has decision variable and its derivative level constraints, e.g., the scheme built on the velocity level has velocity and acceleration constraints.

VI. CONCLUSION

This work has achieved a simultaneous learning and control
scheme for redundant manipulators with physical constraints on
the decision variable and its derivative considered. The scheme
has fulfilled the trajectory tracking task of redundant manipu-
lators with RMP performance index as the objective function.
Aided with data-driven methods, the scheme can be applied to
redundant manipulators whose structure parameters involved in
the kinematics are implicit or unknown. Besides, different from
most manipulator control schemes, the proposed velocity-level
scheme has considered the joint acceleration constraint with
only one extra computational step. A RNN has been devised to
address the learning and control problems. Theoretical analysis
has proved the correctness of the scheme. Simulations and the
physical experiment on the Franka Emika Panda manipulator
have validated the effectiveness and feasibility of the proposed
scheme. To the best of our knowledge, this is the first time to
combine the learning and control simultaneously with physical
constraints on the decision variable and its derivative consid-
ered. Future works can be extended to integrate the data-driven
method to orientation control of the manipulator or investigate
the data-driven method on dynamics control of the manipulator.
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