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Abstract—Currently, the Newton—-Raphson iterative algorithm
has been extensively employed in the fields of basic research
and engineering. However, when noise components exist in a
system, its performance is largely affected. To remedy shortcom-
ings that the conventional computing methods have encountered
in a noisy workspace, a novel modified Newton integration (MNI)
algorithm is proposed in this article. In addition, the steady-
state error of the proposed MNI algorithm is smaller than that
of the Newton—Raphson algorithm under a noise-free or noisy
workspace. To lay the foundations for the corresponding theo-
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retical analyses, the proposed MNI algorithm is first converted
into a homogeneous linear equation with a residual term. Then,
the related theoretical analyses are carried out, which indicate
that the MNI algorithm possesses noise-tolerance ability under
various noisy environments. Finally, multiple computer simula-
tions and physical experiments on robot control applications are
performed to verify the feasibility and advantage of the proposed
MNI algorithm.

Index Terms—Dynamic system of linear equations, modified
Newton integration (MNI) algorithm, noise tolerance, steady-state
error.

I. INTRODUCTION

HE SOLUTION of many problems can eventually be
Ttransformed into solving the solution of the system of
linear equations in natural sciences and engineering applica-
tions [1]-[3]. For instance, the solution of the system of linear
equations can be employed to robot motion planning [4], [5],
image processing [6], robust track control [7], [8], model
predictive control [9], [10], etc. Due to the importance of
the system of linear equations in theoretical and practical
engineering, plenty of researchers have developed extensive
investigations in this area for many years [11]-[13]. According
the previous researches, iterative algorithms are effective for
solving the system of linear equations problems, including
gradient-type algorithm, Newton-type algorithm, and their
modifications [14], [15]. A modified gradient method is pro-
vided to solve the Sylvester equation [16], which can generate
high-performance computing solutions with less convergent
time. Besides, Ferreira et al. [17] exploited the gradient
approach to handle an underdetermined system of linear equa-
tions, whose upper bound estimated is proved to converge in
finite time. Based on the combination of traditional Newton
method and damped Newton method, a new Newton method is
employed to solve the underdetermined equations [18], whose
complexity analyses and convergence proof are given. A static
iterative method called Scale-Splitting method is presented to
solve the complex symmetric system of linear equations, of
which the numerical experiments show that its effectiveness
is better than the rotate block triangular method [19].

Generally speaking, many valuable results have been
obtained for solving the system of linear equations. However,
most of the existing investigations are far from able to suppress
noises. In other words, most of the existing algorithms are
designed without considering the influence of noise in the sta-
bility of a system, which could bring about a series of negative
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consequences. Commonly, solving techniques are to restrict
the noise components in a sufficiently ignorable range for
ensuring the desired results. To this end, it needs to add filters
to diminish the corresponding noise components in advance
in the practical workspace. Nevertheless, this method can not
handle the residual error caused by dynamic parameters in the
computing process [17]-[19].

In this case, some researchers have a mind to eliminate or
reduce the influence of the noise components by utilizing the
control algorithms [20]-[22]. A novel recurrent neural network
with noise-tolerant ability is designed for solving the time-
varying underdetermined linear system, which can resist the
influence of noises on the system [23]. Xiao et al. [24] estab-
lished a dynamical neural model with the capability to deal
with the unknown noise, which can be applied to the system
of the linear equations. For solving real-time-varying matrix
inversion, Jin et al. [25] proposed an integration-enhanced
neural network model that converges to the theoretical solu-
tion in the presence of various kinds of noises. In another
research [26], a distributed scheme presented for the coop-
erative motion generation is reformulated as quadratic pro-
gramming, and then a noise-tolerant iterative neural network
is constructed to solve this quadratic programming problem
online. In addition, Guo et al. [27] investigated the noise-
tolerant design formula to solve the system of time-varying
nonlinear equations. However, the majority of the above men-
tioned algorithms are based on continuous-time systems and
cannot be directly implemented in digital devices.

To conquer the weaknesses of the aforementioned algo-
rithms, a modified Newton integration (MNI) algorithm is
proposed in this article, inspired by Newton—Raphson iterative
(NRI) with fast convergence [28]. In the light of control the-
ory, the error-summation term is perceived to possess the
remarkable effect on the noise-suppressing and can be used
to improve the robustness of the algorithm. In other words,
the error-summation feedback term can effectively eliminate
the deviation between the computing solution and the theo-
retical one. Moreover, the proposed MNI algorithm not only
shows the advantageous performance of noise tolerance, but
also can generate the computing solution with high precision.
Generally speaking, the proposed MNI algorithm possesses
prominent robustness and stability.

The remainder sections of this article are arranged as fol-
lows. In Section II, the proposed MNI algorithm is deduced.
The relevant proof on the convergence of the proposed MNI
algorithm is provided in Section III. Via a series of numer-
ical simulations, Section IV compares the properties among
newly proposed MNI algorithm, the zeroing neural network
(ZNN) algorithm [26] and the NRI algorithm [28] under the
circumstances of four different noises. Next, in Section V,
multiple computer simulations and physical experiments on
robot control employed by the proposed MNI algorithm and
other solving methods are performed under various noisy con-
ditions, which further verify the availability and capability of
the proposed MNI algorithm in noisy workspace. Naturally,
Section VI summarizes the full article. Before ending this
section, the main contributions of this article are concluded
as follows.
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1) Based on the control theory, the proposed MNI algo-
rithm, being a major breakthrough in the conventional
Newton algorithm for solving the dynamic system of
linear equations with noise-suppressing ability, can be
seen as a novel algorithm paradigm.

2) The hallmark of the proposed MNI algorithm is that
it remarkably improves the accuracy of the steady-state
error from O(A) to O(A2) without any aid of the time-
difference information, where A denotes the sampling
period.

3) Differing from the continuous-time model, the proposed
MNI algorithm can tackle the discrete-time linear
systems directly with various kinds of noises, which is
ready for hardware implementation.

II. FORMULA DERIVATION

Without loss of generality, a dynamic system of linear
equations with discrete-time form is shown as

Prxp = qi (D

where matrix P, € R™*" and vector q;x € R™ represent the
system inputs measured at time instant t = kA with k denot-
ing the updating index and A denoting the sampling period.
Additionally, the solution of (1) is a future calculational model
with unknown parameters. The system output x; € R" is cal-
culated before the time instant 1 = kKA. In other words, the
unknown vector Xy is solved during the time sampling interval
[#x—1, 1), whereas Py and q; are unknown.

In the first place, an error function is defined to measure
the accuracy of the computing solution

e = Pixp — qy. ()

Then, exploiting the NRI algorithm [28] to solve the bench-
mark problem (1), the iterative formula is

Xi+1 = Xg — P,t(Pka 1) 3)

where P,t represents the pseudoinverse of matrix Py.

Subsequently, multiplying 1/A by both sides of (3), it has

Xp+1 — Xk 1 4
———— = ——P, (PiXr — qi). 4
A A '+ (PrXe — Qi) “4)
According to the definition of the derivative, the above formula
(3) can be converted into a continuous-time form (5) when A
is small enough

() = —y P' (1) (P)x(1) — q(1)) )

of which y = 1/A. An integration feedback term is utilized
to enhance the robustness of model (5)

t
x(H) = —P' (1) (ye(r) +8 / e(a)da) (6)
0

where 8 > 0 is a scaling factor of the integration term. For
facilitating the derivation or evolution of the following context,
the Euler forward difference formula is provided as [29]

i = S+ X oA, %
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Fig. 1. Block diagrams of the proposed MNI algorithm (8) for the dynamic
system of linear equations, where the left multiplication is signified by the
symbol x, e.g., Py signifies Py * Xg.
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Fig. 2. Network structure of the proposed MNI algorithm (8). (a) Whole
network structure. (b) Computing procedure of an individual neuron at time
instant ¢ = kA.
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Exploiting the Euler forward difference formula (7), the
proposed MNI algorithm for dynamic system of linear equa-
tions is generated as follows with its block diagrams presented
in Fig. 1:

k
Xep1 =X — P (kak —q+ Y (Pixi— Qi)) ®)

i=0

where 9 = ,3A2(0 < <1).
For comparison, the ZNN algorithm performed in [26] is
arranged as

X1 = Xk — PZ(APka — Ak + n(Prxi — qp)) 9)

with n e RT.

Remark 1: The network structure of the proposed MNI
algorithm (8) is provided in Fig. 2. From the whole network
structure depicted in Fig. 2(a), the future solution X4 can be
obtained by using the previous data in the update rule. Fig. 2(b)
presents the computing procedure of an individual neuron at
time instant + = kA, of which d denotes the input data; R
represents the stored data; ¢ = 1 is the individual neuron.

Remark 2: The computational complexity of the proposed
MNI algorithm (8) can be analyzed as follows. First, the
proposed MNI algorithm (8) is a discrete-time algorithm,
meaning that the integral term of the proposed MNI algo-
rithm (8) can be readily calculated with an accumulator.
Additionally, the proposed MNI algorithm (8) can be presented

with another form as
X1 = Xk + 8k
g = —P(Prxi — qi) + Y ex)
Qk+1 = 0k + A(PiXk — qi).
Simultaneously, the sizes of the above variables are retold,
ie., x¢ and gr € R"; qx and gx € R™;, Py € R™; A and
¥ € RT. At the kth iterative interval of the MNI algorithm (8),
Ok+1, 8k, and X; require to be obtained in advance and Xj4|
would be output as the computing solution. Before analyzing
the computational complexity of the MNI algorithm (8), some
prerequisites need to be informed [30].
1) Multiplying a real number by an n-dimensional vector
requires n flops.
2) Adding or subtracting two n-dimensional vectors
requires n flops.
3) Multiplying a matrix of size m X n and a n-dimensional
vector requires m(2n — 1) flops.
4) The pseudoinversion of a matrix of size m x n requires
n® +2m*(n — 1) + 2n*(m — 1) flops.
Especially, based on the above prerequisites, computing g
requires 13 + 2m*(n — 1) + 2n%(m — 1) + 4mn + 3m — n
flops; computing i+ requires 2m(n + 1) flops; computing
X1 requires n flops. Consequently, the proposed MNI algo-
rithm (8) costs n® + 2m*(n — 1) + 2n*(m — 1) + 6mn + Sm
flops at the kth iterative interval. In the same way, the ZNN
algorithm (9) costs n® 4+ 2m*(n — 1) 4+ 2n%(m — 1) + 6mn +m
flops at the kth iterative interval. The NRI algorithm (3) costs
n3 +2m?(n — 1) + 2n*(m — 1) + 4mn flops at the kth iterative
interval. By comparison, it can be clearly found that the MNI
algorithm (8) requires more 4m and 2mn + Sm flops than
those of the ZNN algorithm (9) and the NRI algorithm (3)
at each iterative interval, respectively. From the perspec-
tive of computational complexity, the MNI algorithm (8) is
more complicated than the ZNN algorithm (9), and the ZNN
algorithm (9) is more complicated than the NRI algorithm (3).

III. THEORETICAL ANALYSES AND PROOF

In this section, theoretical analyses and related proofs on the
proposed MNI algorithm (8) are executed, which illustrate the
high-precision performance of the proposed MNI algorithm (8)
with various noise components.

Theorem 1: The proposed MNI algorithm (8) can be
transformed into

e + 0 Zk:ei + O(A2> =0
i=0

(10)

where O(A?) stands for the vector generated by the second-
order error O(A2).
Proof: The proposed MNI algorithm (8) is rewritten as

k
Xl =% — P (kak —q+ ) (Pixi— qo) (1)
i=0
which can be formulated as

k
Pr(Xg+1 — Xp) = — (ek + 0 Zei)~
i=0

12)
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Considering the error function (2), it is not difficult to find that
error variable e; is a dependent variable with respect to vari-
able x; at a the kth time instant in the procedure of solving
the dynamic system of linear equations (1). Simultaneously,
according to the derivative definition of the discrete-time
function and combined with formula (2), it has

R . €1 — €
€ = lim ——
A—0 A
. (PrXp1 — Q) — (PeXg — Qi)
= lim
A—0 A
= PiXx;. (13)

Therefore, based on the above evolution, (12) can be rear-
ranged as

(14)

k
- y(ek + z‘/‘Zei) = Pix; = €.
i=0
Subsequently, via using the Euler forward difference for-

mula (7) to discretize €, the above equation can be turned
into as

k
(€t —e) + O(A) = —y (ek + 0 Zei)- 15)
i=0

Eventually, (15) can be formulated as

k
et +z}Ze,~+O(A2) =0. (16)
i=0
The proof is thus completed. |

Theorem 2: The steady-state error limy_,. o |l€x]l2 of the
proposed MNI algorithm (8) equals to O(A?), where || - |2
signifies the two-norm operation.

Proof: The jth subsystem of formula (10) is written as

k
ey +0 Y ¢ +0(a?) =0 17
i=0
with the jth subsystem of term e;_; being
k—1
e+ ¢+0(a%) =0, (18)
i=0
Letting formula (17) subtract formula (18) leads to
€1 = he +0(a?) (19)

where h = 1 — ¢ (0 < h < 1). Naturally, formulating the
above equation leads to

e5<+l = he;c + 0<A2)
= i€, +h0(a%) +0(?)

= hzeéc—l + O<A2)

= hke’1 +0(a?).

In addition, when k is toward to infinite, it has lim;_, « €, | =

O(A?). Because of the relationship between eﬂ( 41 and e,
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it can be found that the steady-state error limj_ o |l€x]2
equals to O(A?), which comes to the conclusion that the
steady-state error of the proposed MNI algorithm (8) glob-
ally converges to O(A2) under the noise-free condition. The
proof is completed. |

In order to further figure out the theoretical solution of the
proposed MNI algorithm (8) in the cases of constant noises
and linear noises, Theorem 3 is provided as follows.

Theorem 3: Supposing the linear noise components being
w() = M+ v, A € R” being the coefficient vector and
v € R" being the constant vector, the theoretical steady-state
error limg_,  ||€xll2 of the proposed MNI algorithm (8) is
IA/BA|2 + O(A?). Considering the constant noise w(f) = v
with A = 0, the steady-state error of the proposed MNI
algorithm (8) is O(AZ), no matter how large w(f) = v is.

Proof: Since the proposed MNI algorithm (8) is a linear
equation, the superposition theorem is suitable for it. When the
linear or constant noise components exist in the system, it can
be divided into two parts, i.e., the main noise part w(f) = At+v
and the residual error part O(A?). First, it can be depicted as
the following formula (20), which originates from formula (10)
when considering the w(f) = At + v part

k
€+1 +ﬁZei+AkA+v=0.
i=0

(20)

Taking the jth subsystem of e into account, formula (20) can
be rewritten as

k
€y 0 Y€+ kA +V =0. Q1)
i=0
Exploiting Z-transform to formula (21) could yield
, ¢ MA v
7€/ (2) + 9 @ 4L 5 Y _o. (22)
z—1 (=1 z—1

After arrangement and simplification, the above formula is
reformulated as

2(z— DV + WA
=D +z0-1)
It is clear to calculate that the poles of formula (23) are z; = 1,

72 = 0 and z3 = 1—2. Thus, in view of the final value theorem
for formula (23), the result would be acquired as

&) =—

(23)

dm e = e Dew
—z(z— D)V — WA

= lim
vz+72—1

z—1
Y
= ﬂ_A.

Then, taking the residual error part O(A?) into the proposed
MNI algorithm (8), the result of limj_ o ||€k[l2 equals to
O(A?) by the corresponding proof as same as Theorem 2.
Combining the two parts, the steady-state error limg_  ||€x||2
of the proposed MNI algorithm (8) equals to ||A/BAl2 +
O(A?). This makes it simple to calculate that the steady-
state error limg_, o [|€x||2 of the proposed MNI algorithm (8)
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is O(Az) in the condition of constant noise w(f) = v. Hereto,
the proof is completed. |

In the interest of revealing the completeness of the proposed
MNI algorithm (8) encountering various noise components, the
convergence of the proposed MNI algorithm (8) polluted with
random noise component w(#) = § is testified in Theorem 4.

Theorem 4: Assuming the noise component to be a ran-
dom variable w(f) = §, the steady-state error limg_,  ||€x||2
of the proposed MNI algorithm (8) is less than the upper bound
2nsupy<i<k 1<j<n |8§|/19 + O(A?), which keeps the boundary
output with the boundary input.

Proof: Similar to the proof of Theorem 3, the derivation
procedure should be divided into random noise part w(f) =
8 and the residual error part O(A?), respectively. With the
same method for obtaining formula (19), the equation can be
formulated as

€y = hep +8 —8& . 24)
Taking the identical manipulation in Theorem 2, a concise
equation can be obtained by formulating the above equation

i1 = hej + ¢ (25)
of which <p2 = 81; — 8{{71. Then, it can be evolved as below
= b + o]
= hzejc—l + h‘/’i—l + ‘/’fc

=W+ ot hgl |+l

When k tends to infinity, it has limg_, oo h* = 0. Therefore, the
aforementioned formula is expressed as

m € = BN+ o]

li
k— 00

A

1mxd@”‘+#”+~~+#+h+g
1<i<k

1 _hk—l
B lrgfigkaf 1—h

max gﬂ?/ﬁ

1<i<k

j
2 lngl?gkai'/ﬁ'

A

A

Then, taking the relationship between eﬂc and e; into consid-
eration, ||eg|2 can be derived as

sup |81/, (26)

lim |lexll2 < 2m
k—00 1<i<k,1<j<m

After adding the residual part 0(A?), the value of |le||2 is
described as

lim [leclls <2m  sup |8/ + 0<A2). 27)
k—o0 I<i<k,1<j<m
The proof is thus completed. |

IV. ILLUSTRATIVE EXAMPLES

In this section, the corresponding numerical simulations are
conducted to indicate that the proposed MNI algorithm (8)
possesses the outstanding robustness and stability when solv-
ing the dynamic systems of linear equations.

102 10°
MNI (8) MNI (8)
el |---- ZNN (9 S — ZNN (@
100 NRI (3) NRI (3)
10°
102
1073 10'5L/A/T\/\/V—
104 e om " T T T TN T T T e T T R s NP e i b -7
k k
10° 1010
0 200 400 600 800 1000 0 2000 4000 6000 8000 10000
(a) (b)

Fig. 3. Convergence performance of the steady-state error of three different
algorithms, the proposed MNI algorithm (8), ZNN algorithm (9), and NRI
algorithm (3) under zero noise condition. (a) A = 0.01 s. (b) A =0.001 s.

102 102
MNI (8)] MNI (8)]
lelz |- ZNN © lefl2 |- ZNN (9
NRI (3) 10° NRI (3)
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102 . 108 L/_\/\A/];\/
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Fig. 4. Convergence performance of the steady-state error of three different
algorithms, the proposed MNI algorithm (8), ZNN algorithm (9) and NRI
algorithm (3) under constant noise condition w(r) = 200. (a) A = 0.01 s.
(b) A =0.001 s.

A. Four Types of Numerical Experiments

Above all, the unknown variable x(#) is calculated in
the computing time interval [#, #r] € [0,10), and P(?), q(¢)
matrices are defined as

Pu@®  Pn@® P1u(®)
Pyi(t)  Pa(d) Pou(?)

P(t) — : : : c Rmxn
Pml(t) Pm2([) Pmn(t)

a0 =[a1 @0 gn®]" € R™

(28)

where Py, and g, indicate the abth argument of P(f) and the
ath argument of q(7), respectively. For ensuring the feasibility
of the numerical simulations, matrix P(#) should be designed
as Py, (t) = a + sin(¢), when a = b; Py (t) = cos(t)/(a — b),
when a > b; Py, (t) = sin(t)/(a—b), when a < b. Meanwhile,
vector q(f) is set as q(f) = cos(t), when the subscript of
argument a is odd; and q(f) = sin(7), when the subscript of
argument a is even. Before the numerical simulation, m and
n are set to 10 and 11. Thus, the comparative experimental
results are furnished in Fig. 3 through Fig. 6 and Table I, where
the NRI algorithm (3) and ZNN algorithm (9) are selected
as the comparison solving methods. Besides, the steady-state
error |le||2 is chosen as the index performance for convergence
in the visualization results. Moreover, the maximal steady-state
residual error (MSSRE) and the average computing time per
updating (ACTPU) are recorded in Table I as joint support
evaluating index.

1) Zero Noise Condition: As plotted in Fig. 3, the con-
vergence of the steady-state error of NRI algorithm (3) is
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TABLE 1
MSSRE AND ACTPU IN BRACKETS GENERATED BY THE PROPOSED MNI ALGORITHM (8), ZNN ALGORITHM (9), AND NRI ALGORITHM (3) FOR
SOLVING THE DYNAMIC SYSTEMS OF LINEAR EQUATIONS (28) UNDER DIFFERENT SAMPLING PERIODS AND NOISE CONDITIONS
. MSSRE and ACTPU (s) in brackets with different kinds of noises
7(s) Algorithm
Zero noise Constant noise Linear noise Random noise
w(t) =0 w(t) = 200 w(t) =200 (t+ 1) w(t) € 2% [—1,1] 4+ 200
MNI (8)  1.054 x 1073(4.690 x 107°)  1.046 x 107(4.439 x 107°)  2.536 x 107 1(4.318 x 107°)  5.716 x 10~ 2(4.895 x 10~?)
0.01 ZNN (9)  1.676 x 107%(3.321 x 107°)  6.324 x 10°(3.371 x 107%) 6.944 x 10*(3.315 x 107°) 6.352 x 10Y(3.330 x 107°)
’ NRI (3) 2.487 x 1072(1.433 x 10~°) 6.337 x 10°(1.441 x 107°) 6.957 x 10 (1.439 x 107°) 6.356 x 10°(1.435 x 107°)
MNI (8)  1.159 x 107°(4.276 x 107°)  1.472 x 107 °(4.362 x 107°)  2.536 x 1072(4.529 x 107°)  5.212 x 107 (4.126 x 10™°)
0001 ZNN (9  1.648 x 107°(3.626 x 107°)  6.324 x 107!(3.401 x 107%)  6.955 x 10°(3.876 x 107°)  6.361 x 10~ '(3.387 x 107%)
’ NRI (3)  2.490 x 1073(1.537 x 107°)  6.346 x 107 1(1.456 x 107°)  6.957 x 10°(1.448 x 107°)  6.381 x 107 '(1.443 x 107°)
10% 10 . .. . .
—MNL®) —MNL®) 2) Constant Noise Condition: As demonstrated in Fig. 4(a),
lellz - ZNN (9 lell2 - ZNN (9 . /
NRI (3) NRI (3) the steady-state error of the proposed MNI algorithm (8) is
10"}, 10°F, . _
able to rapidly converge to 1073, On the contrary, the accu-
racy of the computing solutions of ZNN algorithm (9) as well
0 1 . .
" ° as NRI algorithm (3) tremendously drop to 10°. In comparison
% " with Figs. 3(a) and 4(a), it can be found that the proposed MNI
O a0 w0 oo o o0 o 200 400 6000 6000 10000 algorithm (8) still possesses a superior performance, which is
(a) (b) attributed to the error-summation term. Unfortunately, ZNN
algorithm (9) and NRI algorithm (3) cannot attain a promis-
Fig. 5. Convergence performance of the steady-state error of three different  ing result, which reflects that constant noise has huge influence

algorithms, the proposed MNI algorithm (8), ZNN algorithm (9), and NRI
algorithm (3) under linear noise condition w(#) = 200%(r+1). (a) A = 0.01 s.
(b) A =0.001 s.

10? 102
——MNI(8) ——MNI (3)
el |----- ZNN (9 el |----- ZNN (9
10! NRI 3) NRI (3)
10°
10°
102
107
2 k . k
1o 0 200 400 600 800 1000 o 0 2000 4000 6000 8000 10000
(a) (b)

Fig. 6. Convergence performance of the steady-state error of three different
algorithms, the proposed MNI algorithm (8), ZNN algorithm (9), and NRI
algorithm (3) under random noise condition w(f) € 2x[—1, 1]+200. (a) A =
0.01 s. (b) A =0.001 s.

the worst among the three algorithms, whose MSSRE are
2.487 x 1072 and 2.487 x 1073 with the sampling period
A = 0.01 s and A = 0.001 s, respectively. Then, exploiting
the time-difference information, ZNN algorithm (9) can get a
more accurate computing solution with the velocity compensa-
tion for dynamic parameters, whose MSSRE are the smallest
than others from Table I. Without the aid of time-difference
term, the proposed MNI algorithm (8) can also provide a plea-
surable computing solution. As Fig. 3 and Table I depicted,
when the sampling period A changes from 0.01 s to 0.001
s, the MSSREs generated by the MNI algorithm (8) changes
from 1.054 x 1073 to 1.159 x 107> with an O(A?) chang-
ing manner, which confirms the correctness of Theorem 2. In
addition, in terms of computational efficiency, the ACTPU of
the three algorithm are all at 10~ s order, while the NRI
algorithm (3) performs the best.

on their computing solutions. Besides, Fig. 4(b) also exhibits
the advantage of the proposed MNI algorithm (8) under the
sampling period 0.001 s. Not only that, from Table I, the
MSSREs generated by the MNI algorithm also maintain an
O(A?) changing manner when perturbed by the constant noise,
which also verifies the correctness of Theorem 3.

3) Linear Noise Condition: Beyond the above numerical
experiments, the linear noise condition should be considered
for the integrity of the proposed MNI algorithm (8). As can
be viewed from Fig. 5, the proposed MNI algorithm (8)
also possesses outstanding effectiveness under the linear noise
condition w(t) = 200 *x (t + 1), while those of the NRI
algorithm (3) and ZNN algorithm (9) are of divergence. The
simulation results of Table I demonstrate that the MSSREs
of the proposed MNI algorithm (8) are 2.536 x 10! for
A = 0.01 s and 2.536 x 1072 for A = 0.001 s with an
O(A) changing manner, which is consistent with the conclu-
sion given by Theorem 4. Instead, the ZNN algorithm (9) and
NRI algorithm (3) fail to overcome the effects of the linear
noise components, whose MSSREs are both infinite.

4) Random Noise Condition: In any system, the random
noise components are inevitable. Thus, it is extremely nec-
essary to contemplate the random noise impacting on the
system for further comparing the effectiveness of the three
different algorithms. As Fig. 6 exemplifies, the steady-state
error of the proposed MNI algorithm (8) is much small than
that of ZNN algorithm (9) and NRI algorithm (3) in different
sampling period, i.e., 0.01 s and 0.001 s. From Table I, the
MSSREs obtained by the MNI algorithm (8) are 5.716 x 1072
and 5.212 x 1073 when the sampling periods are A = 0.01
s and A = 0.001 s, while those of the NRI algorithm (3)
and ZNN algorithm (9) are of the order 10° and 10~!, respec-
tively. Briefly speaking, observing the random noise numerical
experiments, it can further verify that the proposed MNI
algorithm (8) performs better effectiveness and superiority.
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Fig. 7. Computer simulation results of PUMA 560 manipulator tracking
a tricuspid valve path by employing the proposed MNI algorithm (8), ZNN
algorithm (9), and NRI algorithm (3) under zero noise condition. (a) Desired
path with blue lines and actual trajectory with red dash-dot lines generated
by the MNI algorithm (8). (b) Historical states of joint velocity generated by
the MNI algorithm (8). (c) Historical states of position error generated by
the MNI algorithm (8). (d) Desired path with blue lines and actual trajectory
with red dash-dot lines generated by the ZNN algorithm (9). (e) Historical
states of joint velocity generated by the ZNN algorithm (9). (f) Historical
states of position error generated by the ZNN algorithm (9). (g) Desired path
with blue lines and actual trajectory with red dash-dot lines generated by the
NRI algorithm (3). (h) Historical states of joint velocity generated by the
NRI algorithm (3). (i) Historical states of position error generated by the NRI
algorithm (3).

TABLE 11
TOTAL COMPUTING TIME GENERATED BY THE MNI ALGORITHM (8),
ZNN ALGORITHM (9), AND NRI ALGORITHM (3) FOR MANIPULATING
PUMA 560 MANIPULATOR TO TRACK A TRICUSPID VALVE
PATH UNDER DIFFERENT NOISE CONDITIONS

Total computing time (s)

Algorithm — Zero noise  Constant noise Linear noise Random noise
w(t) =0 w(t) = 200 w(t) =200 (t+1)  w(t) =2=x[-1,1] + 200
MNI (8) 3.168 3.203 3.272 3.451
ZNN (9) 3.119 8.733 11.028 9.286
NRI (3) 2.623 3.108 3.065 2.989

V. ROBOT CONTROL APPLICATION

Robot manipulators have been widely investigated and
expanded in industrial production and practical applica-
tions [31] and [35] . Therefore, this section furnishes the
applications of the proposed MNI algorithm (8) on robot
control, including multiple computer simulations and physi-
cal experiments under different noisy conditions. First of all,
on the foundation of mechanical kinematics [32], the motion
tracking formula can be received as

J(o ()6 (1) = Fal(t) (29)
where J(o (f)) € R3*® is the Jacobian matrix [36]; () € R®
denotes the joint velocity of six-axis joints; Iy(f) € R? means
the end-effector velocity. The above kinematics formula (29)

«10*
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Fig. 8. Computer simulation results of PUMA 560 manipulator tracking
a tricuspid valve path by employing the proposed MNI algorithm (8), ZNN
algorithm (9), and NRI algorithm (3) under constant noise w(f) = 200 condi-
tion. (a) Desired path with blue lines and actual trajectory with red dash-dot
lines generated by the MNI algorithm (8). (b) Historical states of joint veloc-
ity generated by the MNI algorithm (8). (c) Historical states of position error
generated by the MNI algorithm (8). (d) Desired path with blue lines and
actual trajectory with red dash-dot lines generated by the ZNN algorithm (9).
(e) Historical states of joint velocity generated by the ZNN algorithm (9).
(f) Historical states of position error generated by the ZNN algorithm (9).
(g) Desired path with blue lines and actual trajectory with red dash-dot lines
generated by the NRI algorithm (3). (h) Historical states of joint velocity
generated by the NRI algorithm (3). (i) Historical states of position error
generated by the NRI algorithm (3).

can be deduced in a discrete form with the MNI algorithm (8).

k
Oktl = JZi'k - ,312 Z(Jkdk — Ig).
i=0

(30)

In the following tracking control application, the used robot
manipulators involve the PUMA 560 for computer simulations
and Franka Emika Panda redundant manipulator for physical
experiments, both of which the structure and dynamics param-
eters could refer to [33], [34]. As far as the fair comparisons
are concerned, it is fixed as ¥ = n = 0.25 with the sam-
pling period A = 0.01 s and task execution time 7 =5 s for
the following computer simulations and physical experiments,
respectively.

A. Computer Simulations

In this part, a classical PUMA 560 robot arm manipula-
tion is exploited to carry out a tracking control application
with a tricuspid valve path. Simulations are conducted on
the MindSpore framework, and the correlative simulation
results are presented in Fig. 7 through Fig. 10 and Table II
with comparisons among the proposed MNI algorithm (8),
ZNN algorithm (9), and NRI algorithm (3) under zero noise,
constant noise, linear noise, and random noise conditions.

Specifically, Fig. 7 shows the simulation results generated
by three algorithms under a zero noise w(f) = O condition,
where the produced actual trajectories are well consistent with
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Fig. 9. Computer simulation results of PUMA 560 manipulator tracking
a tricuspid valve path by employing the proposed MNI algorithm (8), ZNN
algorithm (9), and NRI algorithm (3) under linear noise w(f) = 200 % (¢ 4+ 1)
condition. (a) Desired path with blue lines and actual trajectory with red dash-
dot lines generated by the MNI algorithm (8). (b) Historical states of joint
velocity generated by the MNI algorithm (8). (c) Historical states of position
error generated by the MNI algorithm (8). (d) Desired path with blue lines and
actual trajectory with red dash-dot lines generated by the ZNN algorithm (9).
(e) Historical states of joint velocity generated by the ZNN algorithm (9).
(f) Historical states of position error generated by the ZNN algorithm (9).
(g) Desired path with blue lines and actual trajectory with red dash-dot lines
generated by the NRI algorithm (3). (h) Historical states of joint velocity
generated by the NRI algorithm (3). (i) Historical states of position error
generated by the NRI algorithm (3).

the desired path and their historical states of position error are
all order of 10~% m. In addition, as Fig. 7(b), (e), and (h)
present, the joint velocity generated by all algorithms returns
to their own original states. As a continuation, Figs. 8, 9,
and 10 provide the corresponding simulation results gener-
ated by these algorithms with respect to the constant noise
w(t) = 200, linear noise w(f) = 200 * (t + 1), and random
noise w(f) = 2x[ — 1, 114200 conditions, respectively. From
Fig. 8 through Fig. 10, it is clear that the ZNN algorithm (9)
and NRI algorithm (3) cannot handle the tracking control tasks
in any noisy environment, where the generated actual trajec-
tories are grossly different from the desired ones. Besides, the
resulting historical states of joint velocity and position error
are turbulent and messy. In contrast, the corresponding results
of the MNI algorithm (8) are performing-well, as shown in
subgraphs (a)—(c) of Figs. 8-10, where the historical states of
velocity are basically the same as under zero noise condition
and the position error maintains the maximum error less than
3.0 x 1072 m. Afterwards, Table II records the total computing
time consumed by various algorithms to complete the tracking
control task under various noise conditions. Under zero noise
condition, the total computing time of these algorithms are not
much different, i.e., 3.168, 3.119, and 2.623 s, respectively, all
which are shorter than the task execution time 7" = 5 s. In addi-
tion, the total computational time of the MNI algorithm (8)
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Fig. 10. Computer simulation results of PUMA 560 manipulator tracking
a tricuspid valve path by employing the proposed MNI algorithm (8), ZNN
algorithm (9), and NRI algorithm (3) under random noise w (f) = 2x[—1, 1]+
200 condition. (a) Desired path with blue lines and actual trajectory with red
dash-dot lines generated by the MNI algorithm (8). (b) Historical states of
joint velocity generated by the MNI algorithm (8). (c) Historical states of
position error generated by the MNI algorithm (8). (d) Desired path with
blue lines and actual trajectory with red dash-dot lines generated by the ZNN
algorithm (9). (e) Historical states of joint velocity generated by the ZNN
algorithm (9). (f) Historical states of position error generated by the ZNN
algorithm (9). (g) Desired path with blue lines and actual trajectory with red
dash-dot lines generated by the NRI algorithm (3). (h) Historical states of joint
velocity generated by the NRI algorithm (3). (i) Historical states of position
error generated by the NRI algorithm (3).

is 0.049 s longer than that of the ZNN algorithm (9) and
0.545 s longer than that of the NRI algorithm (3). Under other
noisy conditions, the total computing time of the proposed
MNI algorithm (8) still maintains an excellent performance
without any case exceeding 3.5 s. Additionally, the total com-
putational time of the NRI algorithm (3) is 0.095 s, 0.207 s,
and 0.462 s shorter than those of the MNI algorithm (8) under
constant noise, linear noise, and random noise workspaces,
respectively. However, the NRI algorithm (3) fails to com-
plete track control with noise perturbations, which can be
confirmed from subgraphs (g)—(i) of Figs. 8—10. Further, the
total computational time of the ZNN algorithm (9) is over
the task duration 5 s under any noise perturbations, and also
cannot complete the track control task, whose corresponding
results are presented in subgraphs (d)—(f) of Figs. 8-10. In gen-
eral, the MNI algorithm (8) sacrifices computational efficiency
to obtain the excellent noise-suppressing ability that is quite
feasible and efficient in the practical industrial environments.

B. Physical Experiments

In this part, to illustrate the noise tolerance capability of
the proposed MNI algorithm (8) vividly and convincingly,
physical experiments on the Franka Emika Panda redundant
manipulator with seven degrees of freedom and a marking
pen attached to its end effector are executed driven by the
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(b)

Fig. 11.  Snapshots of the physical experiments on the Franka Emika
Panda redundant manipulator for tracking a four-leaf clover path under linear
noise w(f) = kA /T workspace. (a) Physical experiments generated by the
proposed MNI algorithm (8). (b) Physical experiments generated by the NRI
algorithm (3).

proposed MNI algorithm (8) and NRI algorithm (3) for track-
ing a four-leaf clover path under linear noise w(f) = kA /T
workspace. In addition, note that the desired trajectory data
(rg, ¥4, and ¥y) are default in advance; the status information
of the Franka Emika Panda redundant manipulator (o, o, r,
and 1) are obtained in real-time measurement; the real-time
Jacobian matrix J can be obtained directly during program
running from interface of manipulator. On top of that, the
physical experiments on the Franka Emika Panda redundant
manipulator are controlled by C++ in the ROS system.

After completing the above statement about the
workspace and special content of the physical experi-
ments, the snapshots of the corresponding experimental
results generated by the proposed MNI algorithm (8)
and NRI algorithm (3) and the video are presented
in Fig. 11 and at https://youtu.be/WVLJU9PZOLM and
https://youtu.be/27bEdItiVRM, respectively. It is worth
pointing out that as demonstrated in Fig. 11(a), even under
the linear noise w(f¥) = kA /T workspace, the Franka Emika
Panda redundant manipulator driven by the proposed MNI
algorithm (8) presents excellent noise-tolerance ability with
tiny position error. Unfortunately, due to the lack of effective
noise-tolerance ability, the position error generated by the NRI
algorithm (3) between the end effector of the Franka Emika
Panda redundant manipulator and the desired task is too
large, leading to a strong press force between the end effector
and the desktop, which can be well confirmed by the oblique
marking pen from Fig. 11(b). At the same time, the error
information “motion aborted by reflex” promptly appears
in the ROS system of the host computer, and immediately
triggers the self-protection mechanism of the Franka Emika
Panda redundant manipulator operation system, which causes

its end effector to stop functioning. This also means that the
Franka Emika Panda redundant manipulator driven by the
NRI algorithm (3) cannot complete the trajectory tracking
task under linear noise w(t) = kA /T workspace.

C. Summary

In general, all the results of computer simulation and phys-
ical experiments reveal that the proposed MNI algorithm (8)
possesses the high-precision tracking control performance
under noisy conditions, which accords with conclusions drawn
in the part of numerical experiments. In comparison with the
other existing methods, the proposed MNI algorithm (8) not
only has advantages in theoretical computer simulation, but
also exhibits its availability and capability in physical experi-
ments, both of which verify the strong robustness and potential
prospects of the proposed MNI algorithm (8).

VI. CONCLUSION

In this article, a novel MNI algorithm has been proposed
on the perspective of control theory referred to as the MNI
algorithm (8). Different from the conventional continuous-time
algorithms, the proposed MNI algorithm has been directly
designed in the discrete-time form. Through the related theo-
retical analyses and proofs, it is concluded that the proposed
MNI algorithm possesses the superior noise tolerance. In view
of the results of the numerical simulations, compared with the
ZNN algorithm (9) and the NRI algorithm (3), the steady-
state error of the proposed MNI algorithm is the smallest
under the noisy circumstances. Furthermore, multiple com-
puter simulations and physical experiments on robot control
applications have been carried out, which further substantiates
that the proposed MNI algorithm is capable of withstanding
the disturbance brought by external and internal noises.
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